Topological magnon nodal-lines and absence of magnon spin Nernst effect
  in layered collinear antiferromagnets by Owerre, S. A.
epl
Topological magnon nodal-lines and absence of magnon spin
Nernst effect in layered collinear antiferromagnets
S. A. OWERRE1
1 Perimeter Institute for Theoretical Physics - 31 Caroline St. N., Waterloo, Ontario N2L 2Y5, Canada
PACS 66.70.-f – Nonelectronic thermal conduction and heat-pulse propagation in solids; thermal
waves
PACS 75.30.Ds – Spin waves
PACS 73.43.-f – Quantum Hall Effects
Abstract – We propose the existence of a symmetry-protected topological Dirac nodal line (DNL)
magnonic phase in layered honeycomb collinear antiferromagnets even in the presence of spin-orbit
Dzyaloshinskii-Moriya interaction. We show that the magnon spin Nernst effect, predicted to occur
in strictly two-dimensional (2D) honeycomb collinear antiferromagnets cancels out in the layered
honeycomb collinear antiferromagnets. In other words, the magnon spin Nernst effect in each 2D
antiferromagnetic layer cancels out the succeeding layer. Hence, the Berry curvature vanish in the
entire Brillouin zone due to the combination of time-reversal and space-inversion (PT ) symmetry.
However, upon symmetry breaking by an external magnetic field, we show that a non-vanishing
Berry curvature and Chern number protected topological magnon bands are induced in the non-
collinear spin structure. This leads to an experimentally accessible magnon thermal Hall effect
in the PT symmetry-broken topological DNL magnonic phase of layered honeycomb antiferro-
magnets. We propose that the current predicted results can be experimentally investigated in the
layered honeycomb antiferromagnets CaMn2Sb2, BaNi2V2O8, and Bi3Mn4O12(NO3).
Introduction. – The theoretical predictions and ex-
perimental discoveries of electronic topological semimetals
[1–7] have attracted considerable attention in condensed-
matter physics. This has prompted the re-examination of
topological band structures in solid-state materials. Es-
sentially, the condensed-matter realization of topological
semimetals with linear band crossing points is indepen-
dent of the statistical nature of the quasiparticle excita-
tions. Therefore, it can be extended to bosonic quasiparti-
cle excitations [8,9]. In particular, the magnonic analogs of
electronic topological semimetals, featuring linear magnon
band crossing at finite energy, are currently one of the ac-
tive research areas in quantum magnetism [10–22]. Three-
dimensional Dirac nodal-line magnons with linear band
crossings are predicted to occur in 3D collinear ferromag-
nets [14, 17] when the spin-orbit Dzyaloshinskii-Moriya
(DM) interaction [29,30] is ignored. They are immediately
gapped out in the presence of a nonzero DM interaction,
and thus are similar to electronic nodal-line semimetals
[23–27]. Recently, symmetry-protected electronic topolog-
ical nodal-line semimetals which are robust in the presence
of spin-orbit coupling have been proposed and experimen-
tally observed [28].
Moreover, recent theoretical work has predicted that the
DM interaction can induce topological DNL magnons in
the 3D collinear antiferromagnet Cu3TeO6 [31]. However,
the spin canting induced by the DM interaction was found
to be very negligible, hence no evidence of DNL magnons
was observed in recent inelastic neutron scattering exper-
iments on Cu3TeO6 [32, 33]. Thus, 3D topological DNL
magnonic phase has not yet been found in real magneti-
cally ordered materials. In addition, the antiferromagnetic
material Cu3TeO6 shows very complex structure. For in-
stance, the bulk material has 12 sites in the unit cell and
up to ninth nearest-neighbour interactions [32, 33], which
are very difficult to comprehend analytically. Therefore,
we seek for a simpler 3D collinear antiferromagnetic sys-
tem in which the 3D topological DNL magnonic phase
predicted in the collinear antiferromagnet Cu3TeO6 can
be clearly manifested.
In this letter, we present three new results. First, we
show that layered honeycomb collinear antiferromagnetic
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materials are symmetry-protected 3D topological DNL
magnonic systems. The topological DNL magnons in these
systems [34] are robust against the DM interaction, and
are protected by magnetic crystal symmetry. They are
analogous to predicted DNL magnons in Cu3TeO6 [31].
The major differences in the current model are as follows:
(1) The current model applies to a variety of layered hon-
eycomb antiferromagnetic materials, which are endowed
with only two magnon branches. Therefore, the topologi-
cal DNL magnons can be clearly seen at the lowest acous-
tic magnon branch. (2) The topological DNL magnons
in the current system are not induced by the DM inter-
action due to the inherent structure of the honeycomb
lattice. (3) The topological DNL magnons do not require
further nearest-neighbour interactions apart from the first
one. In addition, we show that the present topological
DNL magnons show small dispersive (nearly flat) drum-
head surface states with DNL rings projected on the (001)
surface Brillouin zone (BZ).
Second, we show that the layered honeycomb collinear
antiferromagets behave quite differently from the 2D hon-
eycomb collinear antiferromagnets in that PT symmetry
forces the Berry curvature to vanish in the entire BZ.
Thus, the magnon spin Nernst effect predicted to occur in
2D honeycomb collinear antiferromagnets [35–37] is pro-
hibited in the layered honeycomb collinear antiferromag-
netic materials. We note that a recent experiment did
not successfully observe any clear discernible magnon spin
Nernst voltage in the bulk layered honeycomb collinear an-
tiferromagnet MnPS3 [38] at zero magnetic field. There-
fore, our result may explain the absence of magnon spin
Nernst voltage in the layered honeycomb collinear antifer-
romagnets.
Third, we show that upon breaking of symmetry by
an external magnetic field, a topological phase transition
occurs from the 3D topological DNL magnons to a 3D
magnon Chern insulator. We compute the Berry curva-
ture, Chern numbers, and chiral magnon edge modes of
the 3D antiferromagnetic magnon Chern insulator. We
also predict that the experimentally accessible magnon
thermal Hall effect [39–43] will occur in the PT symmetry-
broken layered honeycomb antiferromagnets. We believe
that the current predictions are pertinent to experimental
investigation in the bulk layered honeycomb antiferromag-
netic materials such as CaMn2Sb2 [44], BaNi2V2O8 [45],
Bi3Mn4O12(NO3) [46], and others [46–52].
Heisenberg spin model. – We consider the micro-
scopic spin Hamiltonian of layered honeycomb-lattice an-
tiferromagnetic systems in the presnece of DM interaction
and an external Zeeman magnetic field. The model is gov-
erned by
H = J
∑
〈ij〉,`
Si,` · Sj,` +
∑
〈〈ij〉〉,`
Dij,` · Si,` × Sj,`
+ Jc
∑
〈``′〉,i
Si,` · Si,`′ −H ·
∑
i,`
Si,`, (1)
where Si,` is the spin vector at site i in layer `. The
first term is the nearest-neighbour (NN) intralayer an-
tiferromagnetic coupling. The second term is the out-
of-plane next-nearest-neighbour (NNN) DM interaction
Dij,` = νij,`Dzˆ, which is allowed on the honeycomb lat-
tice due to inversion symmetry breaking with νij,` = ±1.
The third term is the NN interlayer antiferromagnetic
coupling. Finally, the last term is an external Zeeman
magnetic field along the stacking direction H = gµBH zˆ,
where g is the spin g-factor and µB is the Bohr magne-
ton. In Fig. 1(a) and (b) we have shown the top view
of the honeycomb-lattice antiferromagnet stacked congru-
ently along the (001) direction and its bulk Brillouin zone
(BZ) respectively.
Topological nodal-line magnons in the collinear
spin structure. –
Symmetry protections of collinear spin structure. At
zero magnetic field H = 0, the ground state of the Hamil-
tonian is a collinear Néel ordered state with zero net mag-
netization. In this case, the collinear Néel magnetization
can point in any direction, but the DM interaction has to
be parallel to the magnetization direction in order to have
a significant effect in the low-lying noninteracting magnon
excitations. Here, we assume that the collinear Néel mag-
netization and the DM vector point along the z-direction.
This collinear spin state is invariant under PT symmetry
since P symmetry interchanges the layers and T symme-
try flips the spins on each layer. In addition, the system
also possesses Mz mirror reflection symmetry about the
x-y plane that sends z → −z. For ferromagnetic interlayer
coupling Jc < 0, there is only one single doubly-degenerate
magnon band. However, for antiferromagnetic interlayer
coupling Jc > 0, there are two non-degenerate magnon
branches as confirmed experimentally in the layered hon-
eycomb antiferromagnetic materials CaMn2Sb2 [44] and
BaNi2V2O8 [45]. We do not consider the ferromagnetic
interlayer coupling as it is similar to 2D honeycomb an-
tiferromagnets [35, 36], which is topologically trivial. The
two non-degenerate magnon branches in the case of an-
tiferromagnetic interlayer coupling give the possibility for
investigating topological linear band crossing in this sys-
tem.
Bosonic Hamiltonian. The magnon dispersions in the
low-temperature regime can be captured by the Holstein
Primakoff (HP) transformation [53]. We define the HP
transformation for each layer ` as
Szi,` = S − a†i,`ai,`, S+i,` ≈
√
2Sai,` = (S
−
i,`)
†, (2)
for i ∈ sublattice A and
Szj,` = −S + a†j,`aj,`, S+j,` ≈
√
2Sa†j,` = (S
−
j,`)
† (3)
for j ∈ sublattice B, where a†i,`(ai,`) are the bosonic cre-
ation (annihilation) operators and S±i,` = S
x
i,`±iSyi,` denote
the spin raising and lowering operators. We note that the
p-2
Topological nodal-line magnonic phase and absence of magnon spin Nernst effect
PT breaking term
(a) (b)
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Fig. 1: Color online. (a) Top view of honeycomb antiferro-
magnets stacked congruently along the (001) direction. The
crossed and dotted circles denote the alternating DM interac-
tion along the NNN bonds. A and B denote the two sublat-
tices of the honeycomb lattice. (b) 3D bulk Brillouin zone of
the hexagonal lattice. (c) Symmetry-protected DNL magnons
on the ky = 0 plane. (d) Magnon Chern insulator induced by
symmetry-broken topological DNL magnons.
sublattice A on layer ` couples antiferromagnetically to
sublattice A on layers `′. A similar argument applies to
the sublattice B. Hence, the HP transformation has the
same form for layers ` and `′.
The resulting non-interacting magnon Hamiltonian in
momentum space is given by H = 12
∑
k ψ
†(k) · H(k) ·
ψ(k), where ψ†(k) = (a†k,A, a
†
k,B , a−k,A, a−k,B) is the basis
vector.
H(k) =
( A(k) B(k)
B∗(−k) A∗(−k)
)
, (4)
where
A(k) = [f0 + fD(k‖)]I2×2, (5)
B(k) =
(
f(kz) f(k‖)
f∗(k‖) f(kz)
)
, (6)
where I2×2 is an identity 2 × 2 matrix, f0 =
3JS + 2JcS, f(kz) = 2JcS cos kz, f(k‖) =
JS
(
1 + e−ik1‖ + e−ik2‖
)
, and fD(k‖) = −fD(−k‖) =
2DS
(
sin k1‖ − sin k2‖ + sin(k2‖ − k1‖)
)
. The in-plane
momentum is given by ki‖ = k‖ · ai and the primitive
vectors of the honeycomb lattice are a1 =
√
3xˆ and
a2 =
√
3xˆ/2 + 3yˆ/2. The 3D momentum vector is
k = (k‖, kz), where k‖ = (kx, ky) is the 2D in-plane wave
vector.
Topological Dirac nodal-line magnons and drumhead
surface states . The Hamiltonian (4) can be diagonalized
by the paraunitary operator Uk (see Supplemental Mate-
rial). The resulting magnon energy branches are given by
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Fig. 2: Color online. Antiferromagnetic Dirac nodal line
magnon bands for Jc/J = 0.5 and H/J = 0. The DNL
magnons are indicated by black rectangles and circles.
[34]
E±(k) = fD(k‖) +
√
f20 −
[
f(kz)± |f(k‖)|
]2
. (7)
The condition for topological DNL magnons to exist in
this system is given by
f(kz)f(k‖) = 0, (8)
which is satisfied when f(kz) = 0 or f(k‖) = 0. The
former gives kz = pi/2 for fixed k‖, and the latter gives
k‖ = K¯ = (±4pi/3
√
3, 0) for fixed kz.
In Fig. (2) we have shown the DNL magnon bands
along the high-symmetry lines of the BZ for zero and non-
zero DM interaction. In stark contrast to 3D collinear
ferromagnets for which the DNL magnons transform to
Weyl magnons [11, 12, 14, 17] upon the inclusion of the
DM interaction, we find that the antiferromagnetic DNL
magnons in the collinear honeycomb antiferromagnets per-
sist even in the presence of the DM interaction as shown
in Fig. 2(b). The DM interaction introduces asymmetry
between the DNL magnons centred at ±K¯ in the fixed kz
plane, with fD(±K¯) = ∓3√3D.
One of the advantages of the present model over other
spin models [14,31] is that the analysis for DNL magnons
can almost be done analytically. To obtain the expres-
sion for the DNL magnons, we consider the fixed kz = k0z
plane. The equation for the DNL magnons is given
by E±(k‖, k0z) = EDNL. Expanding near k‖ = K¯ =
(±4pi/3√3, 0) the solution to this equation yields
v2s(q
2
x + q
2
y) = f
2(k0z), (9)
where q = k‖ − K¯ and vs = 3JS/2. This gives a Dirac
nodal magnon ring of radius r1 = |f(k0z)/vs| as shown in
Fig. 1(c). Similarly, expanding near k‖ = Γ¯ = (0, 0) yields
v20(q
2
x + q
2
y) = 2v
2
0 − f2(k0z), (10)
where q = k‖ − Γ¯, and v0 = 3JS/
√
2. This also gives
a DNL ring of radius r2 =
√
|2v20 − f2(k0z)|/v0. In both
p-3
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Fig. 3: Color online. The projected (010)-surface dispersion along kx direction on the kz = 0 plane and the Dirac magnon rings
(yellowish rings) on the surface BZ for H/J = 0 and Jc/J = 0.5. Left panels: D/J = 0. Right panels: D/J = 0.2. The dashed
hexagon indicates the (001) surface BZ. The energy is set at the Dirac nodal line at the K point (b) and along the Γ–A line
(c).
cases, the DNL rings are independent of the DM interac-
tion and they are present provided the interlayer coupling
does not vanish. This means that both strongly-coupled
and weakly-coupled honeycomb antiferromagnetic layers
are candidates for topological DNL magnons.
One of the hallmarks of DNLs is the drumhead surface
states that connect projected DNLs on the surface BZ [24–
28]. In the present case, the system shows small dispersive
(nearly flat) drumhead surface states connecting the (010)
surface projection of the DNL magnons which form Dirac
nodal rings in the surface BZ as shown in the Fig. 3 at zero
DM interaction (left) and nonzero DM interaction (right).
We can explicitly see that the Dirac magnon rings are
centred at ±K¯ for the DNL along K– H line (b) and at
Γ¯ for the DNL along Γ–A line. The effect of the DM
interaction is to make the DNL asymmetric with different
energies, however the nearly flat drumhead surface states
still persist as shown in Fig. 3 (right).
Absence of magnon spin Nernst effect. – In the
single-layer honeycomb collinear antiferromagnet Jc = 0,
the presence of DM interaction induces a nonzero Berry
curvature. Due to time-reversal symmetry, the thermal
Hall response vanishes, whereas the magnon spin Nernst
response is nonzero [35–37]. For the layered honeycomb
collinear antiferromagnets coupled antiferromagnetically
i.e Jc > 0, we showed above that the magnon branches
are not doubly-degenerate as also confirmed experimen-
tally in CaMn2Sb2 [44] and BaNi2V2O8 [45]. In order to
investigate the magnon transport in this system, let us
define the Berry curvature of the magnon bands as [43]
[Ωαβ(k)]nn = −2I[τ3(∂kαU†k)τ3(∂kβUk)]nn, (11)
where α, β = x, y, z. I denotes imaginary part, and τ3 is
defined in the Supplemental Material. We find that the
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Fig. 4: Color online. Antiferromagnetic magnon Chern insula-
tor bands for D/J = 0.2 and H = 0.3HS . The lower and upper
magnon bands carry Chern numbers C = ∓1 respectively.
components of the Berry curvature are given by
[Ωαβ(k)]11 = [Ωαβ(k)]33
= −I
[
∂kα
(
e
−iϕk‖ coshφk
)
∂kβ
(
e
iϕk‖ coshφk
)
− ∂kα
(
e
−iϕk‖ sinhφk
)
∂kβ
(
e
iϕk‖ sinhφk
)]
.
(12)
Similarly,
[Ωαβ(k)]22 = [Ωαβ(k)]44 = −I
[
φk → θk
]
, (13)
where φk, θk, ϕk‖ are defined in the Supplemental Mate-
rial. Evidently, we can see that the Berry curvature van-
ishes identically
[Ωαβ(k)]nn = 0. (14)
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Fig. 5: Color online. The Berry curvatures Ωnxy(k) and
Ωnxz(k) ≡ Ωnyz(k) of the lowest topological magnon band
(n = 1) on the kz = 0 plane (a) and on the ky = 0 plane (b).
The parameters for both panels are D/J = 0.2, Jc/J = 0.3
and H = 0.3HS .
This means that both the magnon thermal Hall response
(κxy) [39–43] and the magnon spin Nernst response (αsxy)
[35, 36] vanish as well. Therefore, layered honeycomb
collinear antiferromagnets coupled antiferromagnetically
do not possess any discernible κxy and αsxy. This result
may explain the reason why no clear magnon spin Nernst
voltage was observed in the bulk honeycomb antiferromag-
net MnPS3 at zero magnetic field [38]. Therefore, lay-
ered honeycomb antiferromagnets are symmetry-protected
topological DNL magnonic systems.
The topological protection of the DNL magnons can be
inferred from the Berry phase defined as
γn =
∮
C
Fn(k) · dk, (15)
over a closed loop C, where Fn(k) is the Berry connection
given by
Fn(k) = −i
[ 〈τ3U†k|~∇kτ3Uk〉 ]nn. (16)
For a closed path encircling the topological DNL magnons
in momentum space, we find that the Berry phase is
γn = ±pi, otherwise γn = 0. Therefore the topological
DNL magnons can be interpreted as topological defects in
3D momentum space. A similar result can be obtained by
considering the eigenvalues of the mirror reflection sym-
metryMz [28].
Magnetic-field-induced magnon Chern insulator.
–
Magnon Chern bands and Berry curvatures. We will
now investigate the effects of symmetry breaking in this
system. We assume that the collinear magnetization lie
in the x-y plane, and a magnetic field is applied perpen-
dicular to the plane. Hence, the spins will cant slightly
along the magnetic-field direction yielding the canting an-
gle cosχ = H/HS , where the saturation field is given by
HS = 6J + 4Jc. Therefore, time-reversal symmetry and
hence PT symmetry are broken. The magnon excitations
can be captured using spin wave theory as shown explicitly
in the Supplemental Material.
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Fig. 6: Color online. Evolution of the projected (010)-surface
dispersion and chiral magnon edge modes denoted by red
curves along the kz = 0 line for different values of magnetic
field. The parameters are D/J = 0.2 and Jc/J = 0.5.
Figure (4) shows the magnon bands in the presence of
a small magnetic field. We can see that the topological
DNL magnons are gapped out, therefore the system tran-
sits to an antiferromagnetic magnon Chern insulator with
nonzero Berry curvature and integer Chern number. We
note that the layered honeycomb-lattice non-collinear an-
tiferromagnetic system can be considered as slices of 2D
antiferromagnetic magnon Chern insulators interpolating
between the kz = 0 and kz = pi planes. Therefore for an
arbitrary kz point the Chern number of the magnon bands
can be defined as
Cn = 1
2pi
∫
BZ
dk‖Ωnxy(k), (17)
where n denotes the magnon branches. In the case of
nonzero magnetic field, the components of the Berry cur-
vature Ωnαβ(k) do not vanish due to broken time-reversal
symmetry. In Figs. 5(a) and (b) we have shown the compo-
nents of the Berry curvature of the lowest magnon band
on the kz = 0 and ky = 0 planes respectively. We can
see that the integration of the distribution of Ωnxy(k) over
the BZ gives non-vanishing contributions as a small field-
induced magnetization is along the z direction. However,
the integration of the distribution of Ωnxz(k) ≡ Ωnyz(k)
over the BZ gives vanishing contributions since there is no
field-induced magnetization along the x or y direction.
For an arbitrary kz point the Chern number is well-
defined in the non-collinear spin structure. The Chern
number of all the 2D slices for an arbitrary kz point is the
same, because the planes at two kz points can be adia-
batically connected without closing the gap. We find that
p-5
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Fig. 7: Color online. Predicted magnon thermal Hall conduc-
tivity for layered honeycomb antiferromagnets as a function of
(a) T/J for different values of the magnetic field, (b) H/HS ,
(c) D/J , and (d) Jc/J for different values of temperature.
C = ∓1 for the lowest and upper magnon bands respec-
tively. The presence of integer Chern numbers implies
that chiral magnon edge modes transverse the bulk gap.
Indeed, we have shown in Fig. 6 that this is the case in
the present system.
Magnon thermal Hall effect. In this section, we will
compute the anomalous thermal Hall conductivity of
magnons [39–43] for the layered honeycomb antiferromag-
nets. In the 3D model, the total intrinsic anomalous ther-
mal Hall conductivity has three contributions κyz, κzx,
and κxy, where the components are given by [43]
καβ = −kBT
∫
BZ
dk
(2pi)3
N∑
n=1
c2[f
BE
n (k)]Ω
n
αβ(k), (18)
where fBn (k) =
(
eEn(k)/kBT − 1)−1 is the Bose-Einstein
distribution function, kB the Boltzmann constant which
we will set to unity, T is the temperature and c2[x] =
(1 + x)
(
ln 1+xx
)2 − (lnx)2 − 2Li2(−x), with Li2(x) being
the dilogarithm.
As the non-collinear spin configuration is induced along
the z direction, the first two components κyz and κzx van-
ish. This is evident from the distribution of the Berry
curvature Ωnxz(k) ≡ Ωnyz(k) as depicted in Fig. 5(b). The
nonvanishing component κxy can be written as
κxy =
∫ pi
−pi
dkz
2pi
κ2Dxy (kz), (19)
where κ2Dxy (kz) is 2D thermal Hall conductivity for each
slice of the kz plane, which is given by
κ2Dxy (kz) = −kBT
∫
BZ
dk‖
(2pi)2
N∑
n=1
c2[f
BE
n (k)]Ω
n
xy(k‖, kz).
(20)
In Fig. (7) we have shown several trends of the anoma-
lous magnon thermal Hall conductivity. We can see that
κxy vanishes at zero temperature as no magnons are ther-
mally excited. It also vanishes at zero magnetic field and
zero DM interaction due to the presence of symmetry-
protected DNL. However, a nonzero magnetic field and a
nonzero DM interaction increase κxy, whereas the inter-
layer coupling decreases κxy. It is important to note that
the dominant contribution to κxy comes from the lowest
magnon branch.
Conclusion. – We have shown that layered honey-
comb collinear antiferromagnets behave differently from
strictly 2D honeycomb collinear antiferromagnets. In the
latter, the DM interaction-induced nonzero Berry curva-
ture leads to a finite magnon spin Nernst response [35,36].
In the former, however, the magnon spin Nernst effect in
each 2D antiferromagnetic layer cancels out the succeeding
layer, and the system exhibits topological Dirac nodal line
magnons with ±pi Berry phase. This result implies that
the antiferromagnetic interlayer coupling which always ex-
ist in the bulk insulating antiferromagnets will put a re-
striction on the observation of the magnon spin Nernst re-
sponse in the bulk honeycomb collinear antiferromagnets.
We further showed that a magnetic-field-induced topolog-
ical phase transition to a 3D antiferromagnetic magnon
Chern insulator occurred in this system, by breaking the
symmetry protection of the topological Dirac nodal line
magnons. We showed that topologically-protected Chern
magnon bands with nonzero Berry curvatures are mani-
fested in the 3D antiferromagnetic magnon Chern insu-
lator phase. We also predicted that the magnon ther-
mal Hall effect can be observed in layered honeycomb
antiferromagnetic materials [44–52] upon the application
of an external magnetic field. Since the layered honey-
comb antiferromagnets are endowed with only two magnon
branches, the topological DNLs and the magnon Chern in-
sulator can be clearly seen at the acoustic (lowest) magnon
branch, which carries the dominant thermal Hall transport
contribution due to the population effect.
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I. SPIN TRANSFORMATION
In the low temperature regime, the underlying
spin excitations of the Hamiltonian are spin waves
(i.e magnons). Hence, we will perform spin wave theory.
First, let us express the spins in terms of local axes, such
that the z-axis coincides with the spin direction. This
can be done by performing a local rotation about the
z-axis by the spin orientated angles θi,` = 0 or pi. The
rotation matrix is given by
Rz(θi,`) =
cos θi,` − sin θi,` 0sin θi,` cos θi,` 0
0 0 1
 . (1)
The external magnetic field induces canting out-of-plane.
Therefore, we perform another rotation about y-axis by
the angle χ. The rotation matrix is given by
Ry(χ) =
 cosχ 0 sinχ0 1 0
− sinχ 0 cosχ
 . (2)
Now, the spins transform as
Si,` = Rz(θi,`) · Ry(χ) · S˜i,` (3)
The classical ground state energy is given by
Ecl = NS2
[3J
2
cos 2χ− 2Jc(1− 2 cos2 χ)−H cosχ
]
,
(4)
where N = 2N is the total number of sites and N is the
number of sites per unit cell. The magnetic field has been
rescaled in units of S. Minimizing this energy yields the
canting angle cosχ = H/HS , where HS = 6J + 4Jc is
the saturation field.
II. SPIN WAVE THEORY
The terms that contribute to linear spin wave theory
are given by
HJ = J
∑
ij,`
[
cos θij,`S˜i,` · S˜j,`
+ 2 sin2
(
θij,`
2
)(
sin2 χS˜xi,`S˜
x
j,` + cos
2 χS˜zi,`S˜
z
j,`
) ]
,
(5)
Due to canting induced by the magnetic field, there are
two contributions to the DM interaction. They are given
by
H‖D = D‖
∑
〈〈ij〉〉,`
νij cos θij,` zˆ ·
(
S˜i,` × S˜j,`
)
, (6)
H⊥D = D⊥
∑
〈〈ij〉〉,`
cos θij,` zˆ ·
(
S˜i,` × S˜j,`
)
, (7)
where D‖ = D cosχ and D⊥ = D sinχ are the compo-
nents of the DM interaction parallel and perpendicular to
the magnetic field respectively. The interlayer coupling
and the magnetic field transform as
HJc = Jc
∑
i,〈``′〉
[
cos θ``′ S˜i,` · S˜i,`′
+ 2 sin2
(
θ``′
2
)(
sin2 χS˜xi,`S˜
x
i,`′ + cos
2 χS˜zi,`S˜
z
i,`′
) ]
,
(8)
HZ = −H cosχ
∑
i,`
S˜zi,`, (9)
where θαβ = θα − θβ = pi.
Next, we perform the linearized Holstein Primakoff
(HP) transformation
S˜zi,` = S − a†i,`ai,`, S˜+i,` ≈
√
2Sai,` = (S˜
−
i,`)
†, (10)
where a†i,`(ai,`) are the bosonic creation (annihilation)
operators, and S˜±i,` = S˜
x
i,` ± iS˜yi,` denote the spin rais-
ing and lowering operators. The resulting noninteracting
magnon Hamiltonian can be written as
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2H = JS
∑
〈ij〉,`
[− tχ(a†i,`aj,` +H.c.)− (1− tχ)(a†i,`a†j,` +H.c.)]+ t‖DS ∑
〈〈ij〉〉,`
(e−iνijφa†i,`aj,` +H.c.)
+ t⊥DS
∑
〈〈ij〉〉,`
(eiφa†i,`aj,` +H.c.)− (1− tχ)(a†i,`a†j,` +H.c.)
]
+ JcS
∑
i,〈``′〉
[− tχ(a†i,`ai,`′ +H.c.) + (1− tχ)(a†i,`a†i,`′ +H.c.)]+ t0S∑
i,`
a†i,`ai,`, (11)
where
φ = pi/2, t0 = 3JS + 2JcS, (12)
tχ = cos
2 χ, t
‖
D = D cosχ, t
⊥
D = D sinχ. (13)
In momentum space, we obtain
H = 1
2
S
∑
k
ψ†(k) · H(k) · ψ(k), (14)
where
H(k) =
( A(k) B(k)
B∗(−k) A∗(−k)
)
. (15)
where
A(k) =
(
f(kz)−m‖(k‖) +m⊥(k‖) −tχf(k‖)
−tχf∗(k‖) f(kz) +m‖(k‖) +m⊥(k‖)
)
, B(k) =
(
f˜(kz) (1− tχ)f(k‖)
(1− tχ)f∗(k‖) f˜(kz)
)
,
(16)
with
f(kz) = t0 − 2Jctχ cos kz, (17)
f˜(kz) = 2Jc(1− tχ) cos kz, (18)
f(k‖) = J
(
1 + e−ik
1
‖ + e−ik
2
‖
)
, (19)
m‖(⊥)(k‖)
= 2D cosχ(sinχ)
[
sin(k1‖)− sin(k2‖) + sin
(
k1‖ − k2‖
)]
.
(20)
III. PARAUNITARY OPERATORS
The magnon HamiltonianH(k) can be diagonalized us-
ing the bosonic Bogoliubov transformation: ψk = UkQk,
where Q†k = (γ
†
kA, γ
†
kB , γ−kA, γ−kB) are the Bogoliubov
quasiparticles, and Uk is a 2N × 2N paraunitary matrix
defined as
Uk =
(
uk vk
vk uk
)
, (21)
where uk and vk are N ×N matrices that satisfy
|uk|2 − |vk|2 = IN×N . (22)
The matrix Uk satisfies the relations,
U†kτ3Uk = τ3, U†kH(k)Uk = E(k), (23)
where
E(k) =
(
En(k) 0
0 En(−k)
)
, τ3 =
(
IN×N 0
0 −IN×N
)
,
(24)
with energy band En(k) and band index n. The bosonic
Bogoliubov Hamiltonian is given by HB(k) = τ3H(k),
whose eigenvalues are given by τ3Ek and the columns of
Uk are the corresponding eigenvectors.
At zero magnetic field H = 0, we find that the N ×
N matrices (with N = 2) uk and vk that satisfy the
relations are given by
uk =
1√
2
(
−eiϕk‖ coshφk eiϕk‖ cosh θk
− coshφk − cosh θk
)
, (25)
vk =
1√
2
(
e
iϕk‖ sinhφk −eiϕk‖ sinh θk
sinhφk sinh θk
)
, (26)
3where
tanh 2φk =
f(kz) + f(k‖)
f0
, (27)
tanh 2θk =
f(kz)− f(k‖)
f0
, (28)
tanϕk‖ =
I[f(k‖)]
R[f(k‖)]
, (29)
where R and I denote real and imaginary parts. For
nonzero magnetic field H 6= 0, we have diagonalized the
Hamiltonian numerically.
